Let us consider the following dual questions.
shows, let alone to find a such function. Nevertheless, our experiences in doing many type A exercises are crucially helpful when tackling type B problems. For instance, if you are asked to find the sum of the trigonometric series
your experiences of calculating the Fourier series of f (x) = x 2 on [−π, π], which gives you
and of f (x) = x on [0, π], which gives you
will help you to figure out that for x ∈ [0, π],
However, in most such problems, there is only one parameter involved. In this short note, we are going to obtain the sum of a two-parameter trigonometric series, namely the sum of
for integer parameters l and n, by carefully locating a function f (x) and calculating its Fourier series. How did we find this function? By trying many type A exercises. First, let us consider the general term a n for the periodic sequence
If l = 2, we know a n = 1 2
. . For the general case, we show
In fact, it is a direct corollary of the following simple lemma.
Lemma.
Proof. If l | n, exp(2πi n l k) = 1, and we get
If l n, exp((2πi n l k) = 1, and we have
Next, let us consider a n from a different angle. Define a continuous function
It is easy to see that f (x) is the linear interpolation of the sequence in (2) . Now, extend this f (x), first evenly to [−l, l], then periodically to the whole real line R. Denote the extended function asf (x). The famous Dirichlet-Jordan theorem (see [1] ) assures the convergence of its Fourier series tof (x); hence a n =f (n).
Now
It is easy to check that 
and by integrating by parts, we also have the following:
Now putting all these into (4), we get that 
